An optical kicked system with free-space light propagation along a sequence of equally spaced thin phase gratings is presented and investigated. We show, to our knowledge for the first time in optics, the occurrence of the localization effect in the spatial frequency domain, which suppresses the spreading of diffraction orders formed by the repeated modulation by the gratings of the propagating wave. Resonances and antiresonances of the optical system are described and are shown to be related to the Talbot effect. The system is similar in some aspects to the quantum kicked rotor, which is the standard system in the theoretical studies of the suppression of classical (corresponding to Newtonian mechanics) chaos by interference effects. Our experimental verification was done in a specific regime, where the grating spacing was near odd multiples of half the Talbot length. It is shown that this corresponds to the vicinity of antiresonance in the kicked system. The crucial alignment of the gratings in-phase positioning in the experiment was based on a diffraction elimination property at antiresonance. In the present study we obtain new theoretical and experimental results concerning the localization behavior in the vicinity of antiresonance. The behavior in this regime is related to that of electronic motion in incommensurate potentials, a subject that was extensively studied in condensed matter physics.
INTRODUCTION
The fields of classical optics and quantum mechanics describe wave phenomena. The small-wavelength limit of these theories is geometrical optics and classical Newtonian mechanics. In some situations there is a quantitative correspondence between wave optics and quantum mechanics. 1, 2 Much was learned about one theory from the other one. The present study is based on extensive research performed on the quantum-mechanical localization found for the kicked rotor, 3, 4 which was initiated by research on plasma physics and inspired by the exploration of electronic motion in disordered solids. 5, 6 The ideas developed in the studies of the quantum kicked rotor are applied to classical optical systems, which are described by the same wave equation with a similar applied potential. It is in such a study that we achieve several goals. First, we apply and find new ideas in optics and also new possibilities for experiments that might be easier to perform in optics. This can also shed new light on the quantum-mechanical case. In the present study we give an experimental verification of localization in an optical system, which is an important addition to the sole demonstration, obtained only in recent years, of a quantum kicked rotor. 7, 8 To our knowledge, this is the first experimental realization of an optical kicked system. In addition, motivated by our optical system, we find new features in a study of resonances and antiresonances, which are related to the Talbot effect 9 and are described here in detail. Below in this section we give a short introduction to both the concept of a quantum rotor and its role in the study of quantum chaos and localization.
The classical dynamics of chaotic systems were explored extensively during the past century, and the explorations intensified with the advent of computers. [10] [11] [12] [13] [14] The motion of such systems looks randomlike, although it is generated by simple deterministic equations. We confine ourselves to the exploration of Hamiltonian systems, where phase-space volume is conserved. Also, the quantal behavior of systems that are chaotic in the classical limit was studied extensively in recent years. 4, [14] [15] [16] This field is sometimes called quantum chaos. For bound systems with time-independent Hamiltonian equations, the spectrum is discrete, and the motion is quasi periodic, and therefore it definitely cannot be considered chaotic. For systems with time-dependent Hamiltonian equations, the energy is not a good quantum number, and the phase space is in general not bounded. Consequently, there is no such general argument about the asymptotic nature of the quantum dynamics, which rules out its being chaotic. Classically, for these systems, diffusion in phase space is found. This diffusion is often suppressed by quantum interference effects 3, 4, [17] [18] [19] through a mechanism that is very similar to Anderson localization, namely, suppression of electronic diffusion in disordered solids at low temperatures. 5, 6 The standard system for the exploration of the suppression of the classical diffusion by quantum interference is the kicked rotor. It can be visualized as a charged particle constrained to move on a frictionless ring, in a uniform electric field directed in the plane of the ring, which is pulsed in equal time intervals. To study the quantal behavior various microscopic realizations were suggested. 20, 21 So far, only one type of direct experimental demonstration of localization for the quantum kicked rotor, with laser-cooled Na and Cs atoms in a magneto-optic trap, has been reported. 7, 8 Suppression of a similar nature was detected for driven atoms. 22 Anderson localization is actually a wave phenomenon; therefore it can also be observed for classical electromagnetic waves. This phenomenon was indeed found in position space for truly random optical systems. [23] [24] [25] It was proposed as a tool for the study of the suppression of classical chaos by wave effects in the mode space of optical systems 26, 27 and in the time domain of dispersive fibers. 28 Geometrical optics plays the role of classical mechanics, while wave optics plays the role of quantum mechanics. Moreover, in the paraxial approximation the Maxwell equations take the form of the Schrödinger equation, where the direction of propagation corresponds to the time in the Schrödinger equation.
1,2
In particular, kicked rotor realization was proposed to be done in dielectric optical fibers. 27 To our best knowledge, the experiments proposed in Refs. 26 and 27 have not yet been performed. In this paper we present what is to our knowledge the first experimental realization of an optical kicked system. We examine the localization properties in a specific regime near antiresonances of the system. Resonances and antiresonances in our optical system are shown to be related to the Talbot effect and were used by us to adjust critical parameters in the experimental system. A short report of the experimental study was given previously. 29 We describe in Section 2 the optical kicked rotor system and in Section 3 the experimental setup. Then, in Section 4 we study theoretically the kicked rotor near antiresonance, which is relevant for the present experiment but is also of theoretical interest in its own right. A discussion and a comparison between theory and experiment is given in Section 5. In Appendix A we describe the Talbot effect and its relation to resonances and antiresonances, and in Appendix B we present the analytical solution of the linear kicked rotor, following Ref. 30 .
OPTICAL KICKED ROTOR
In our optical kicked rotor system, schematically described in Fig. 1 , a free-space-propagating light beam along the z axis is successively kicked by identical thin sinusoidal phase gratings. The gratings are parallel, with an identical spacing z 0 between adjacent gratings, and have aligned phases. In the process the successive kicks produce high-order diffractions, which tend to increase the beam's spatial frequency band. Nevertheless, as we show below, localization in the spatial frequency domain, with a characteristic exponential confinement, occurs after several kicks. In the classical regime diffraction leads to nonlocalized diffusive behavior. This corresponds to the case in which the light intensities resulting from the gratings' diffraction are added up instead of the electric field amplitudes. In our experiment a regime of similar behavior is obtained when the grating phases are randomly positioned in the system, resulting in a destructive interference that behaves like the destruction of wave coherence.
The transverse (x-coordinate) dependence of the light electric field envelope is given, in the slowly varying amplitude (paraxial) approximation, by the following Schrödinger-like propagation equation 31 :
which includes the kick delta functions' potential, resulting from the phase sinusoidal gratings with a wave vector k g and an amplitude , while is the light wavelength.
Here the coordinate z along the direction of propagation plays the role of time for the kicked rotor. The intensity is proportional to ͉͉ 2 . In analogy with the case of a quantum kicked rotor, the Hamiltonian-like operator is
where n ϭ Ϫi͕‫(ץ͓/ץ‬k g x)͔͖ is the normalized transverse spatial frequency operator in the kinetic-energy-like
is the propagation-dependent potential energy term, ␥ϭ z 0 / g 2 , and g ϭ 2/k g is the grating period.
Unlike the quantum kicked rotor and the fiber realizations proposed in Ref. 27 , our optical system lacks inherent discrete energy levels in the light transverse spatial frequency domain. It shares this property with driven laser-cooled atoms. 7, 8 However, when the input light is a plane wave or a broad Gaussian beam, the sinusoidal grating kicks confine the dynamics to the discrete frequency modes of the gratings' diffraction orders n (corresponding to the angular momentum of the kicked rotor), which are coupled among themselves. If the initial mode is n ϭ 0, as is the case in our experiment, only modes with integer n are involved in the evolution. In this process the repeated kicks tend to broaden the number of the diffraction orders. The propagation between the successive kicks adds extra phases, exp(Ϫi␥n 2 ), which are quadratically dependent on the diffraction order n. For large n, this factor behaves like a random number. The resulting one-period evolution operator is
As a result of the effective randomness of the factors exp(Ϫi␥ n 2 ), it turns out that the overall contribution is weakened, resulting in exponential localization that is similar to Anderson localization in disordered solids. [3] [4] [5] [6] Consequently, low n are mostly composed of former low- order harmonics, which are added constructively. It is crucial that the propagator Û is identical for all kicks. Although exp(Ϫi␥n 2 ) behave like random numbers, these are identical for all intervals of free motion. The spread in the space of the spatial frequency modes (diffraction orders), ϵ ͱ ͗(n Ϫ ͗n͘) 2 ͘, was calculated by numerical integration of Eq. (1), which can easily be done by propagation of Eq. (3), step by step, with a fast-Fouriertransform technique. The results for experimentally realistic parameters are presented in Fig. 2 . Geometrical optics, where intensities rather than amplitudes are evolved, predicts diffusion in spatial frequency space. This spread is found to be similar to the one obtained for phase-disordered gratings, where we add for each grating N a random phase, N , such that ␥n 2 is replaced by ␥n 2 ϩ N n. A similar diffusive behavior is obtained for random ␥. This corresponds to an experiment in which the spacing between the adjacent gratings is not accurately adjusted. In the calculations of Fig. 2 , as well as in all the other numerical calculations, the initial state is n ϭ 0, corresponding to the experiment, resulting in ͗n͘ ϭ 0.
For typical aligned gratings, where ␥/ is an arbitrary irrational number, one finds in this case that the onset of localization takes place after 25 gratings. Because of absorption this localization regime is experimentally inaccessible. Near antiresonance, where ␥ Ϸ (2M ϩ 1) with integer M, the onset of localization is immediate. This regime is also experimentally advantageous, since the phases of the gratings can be simply aligned at antiresonance. It is also of special theoretical interest because in the vicinity of antiresonance the kicked rotor behaves like the two-sided kicked rotor, which has been the subject of theoretical investigations. 32 In the vicinity of the antiresonance the localization behavior can be approximated by the exactly solvable linear kicked rotor, 30 with a linear dependence on n of the phases in the freespace-propagation term exp(Ϫi n). This model was studied previously and was mapped onto a model for electronic motion in potentials with incommensurate periods. 30 Such models were studied extensively in condensed matter [33] [34] [35] [36] [37] [38] and in mathematical physics. [39] [40] [41] The linear kicked rotor that locally approximates the kicked rotor near antiresonance was found to exhibit localization that is stronger than the exponential. 
EXPERIMENT
The experimental setup followed the schematic description given in Fig. 1 . It can immediately be realized that the grating positioning, and especially their phase alignment, is most crucial. For this reason, we developed a special technique that gave us access to a specific regime of localization. This was the vicinity of antiresonances of our optical system, which are related to half-Talbot distances. The Talbot effect, 9 described and explained in Appendix A, is the occurrence of optical self-imaging of periodic images along propagation in free space at multiple distances of the Talbot length, z T ϭ 2 g 2 / (␥ ϭ 2). Thus, when the gratings' spacing in our system equals the Talbot length, it is equivalent to the case in which the free-space propagation shrinks to zero. Then all the gratings are coherently added in phase, without any dephasing factor of the space between the adjacent ones, and the diffraction orders steadily increase with the number of gratings. This corresponds to a resonance like state resembling the resonances in the quantum rotor case. By contrast, the system with grating locations at half-Talbot distances (odd multiples of z T /2) corresponds to antiresonance, where any two successive (aligned) gratings cancel each other. Here the propagation after the first grating produces at the second grating the same periodic image, but it is shifted by , which is then canceled by the second grating. This effect of diffraction cancellation enabled us to accurately adjust the grating locations and align their phases. We performed the alignment in a reverse way, from the final (output) grating toward the first, by checking that each added grating canceled the diffractions that were due to the former grating. The accuracy demand in the other alignment parameters was less critical. Small deviations in the exact distances between the adjacent gratings, which affect the phases through ␥n 2 , had a tolerance of the order of 0.1 mm for n ϳ 5.
After the alignment was done we changed the laser wavelength, , to move the system away from the trivial antiresonance state. In the experiment we aligned the system with the argon-ion laser line ϭ 501 nm, with a spacing of z 0 ϭ (3/2)z T ϭ 3.832 cm (␥ ϭ 3) for g ϭ 80 m, and made the measurement at ϭ 496 nm, which gave ␥ ϭ 2.97. The strength of the kick by the grating was ϭ 5.94. It was important in our experiment to stay near antiresonance because of the limited number of gratings that we could use. The first reason for this is absorption. In addition, the gratings' size becomes a more limiting factor as the beam propagates and spreads in real space in the transverse direction of the beam, owing to the diffraction. The spot size of the spatially filtered input beam to the system was quite large, ϳ4 cm, allowing significant interference of the diffracted beam as it propagated along the gratings. Nevertheless, smaller spot sizes were examined, as described below.
The phase gratings in the experiment were prepared by a holographic method, with 8E75 Agfa-Gevaert plates. We chemically bleached the plates to obtain the conversion from amplitude to phase holograms. The size of each grating slide was 6.5 cm ϫ 3 cm. The emulsion, or the gratings' thickness, was ϳ5 m. In our system this can be regarded as a delta-function kick. 27 The spatial frequency analysis of the light was done at the far field of the output beam. The measurement was done by a detector array, on which the far field was imaged by a large-aperture lens.
The central experimental result is presented in Fig. 3 . It shows the confinement of the light spatial frequency after the eighth and ninth gratings for the ordered grating system, as compared with the spread spectrum without localization for a disordered system, where the gratings phases were not aligned. The spatial frequency intensity width after each of the nine kicks is shown in Fig. 4 . Further details, with the analysis and a comparison with the theory, are given below.
THEORETICAL ANALYSIS OF THE KICKED ROTOR NEAR ANTIRESONANCE
In this section the kicked rotor defined by Eq. (1) will be studied near the antiresonance, where ␥ Ϸ (2M ϩ 1), with integer M. We first present the main features of the dynamics in this regime, which are obtained by numerical calculations. We then obtain the main properties with the help of the local approximation of the kicked rotor by the linear kicked rotor, which is applicable near antiresonance.
The long-term localized spectrum (light intensity as a function of the diffraction order n), calculated numerically near antiresonance, is given in Figs. 5 and 6. Here we carried out a numerical calculation propagating a broad plane wave in the system, kick after kick, with the application of the propagator in Eq. (3). It has a fir-tree shape with a slightly faster than exponential decay, as is given by the analysis for localization in this regime, which corresponds to the linear kicked rotor 30 (see discussion given immediately below). The added plateaus, each of which is shown in Figs. 5(c) and 6(c), have a more moderate exponential decay. The results for the spreading near the antiresonance can be understood from the correspondence with the linear kicked rotor. Near antiresonance, ␥ ϭ (2M ϩ 1) ϩ ␦, where M is an integer (M ϭ 1 in the present experiment) and ␦ Ӷ 1. For n Ӷ n 0 , the local approximation (1/2)␦(n ϩ n 0 ) 2 Ϸ ␦n 0 n ϩ C can be made, when (1/2)␦n 2 Ӷ 1, and where the constant C ϭ (1/2)␦n 0 2 . Using the fact that exp͓Ϫi(2M ϩ 1)n 2 ͔ ϭ exp(Ϫi n), one can approximately write the free-propagation part of Û KR as exp͓Ϫi␥ (n 0 ϩ n) 2 ͔ Ϸ exp͕Ϫi͓( ϩ )n ϩ const.͔͖, where ϭ 2␦n 0 . Because of the smallness of ␦, the parameter varies slowly with the center of the expansion, n 0 , and will be assumed constant. The resulting local model can be defined by the one-step evolution operator
The quasi-energy states of this evolution operator, which are obtained in Appendix B according to Ref. 30 , are (5) where is the center of localization and J n are Bessel functions. If the Bessel functions decay rapidly, as is the case when the index is much larger than the argument in magnitude, the linear approximation holds, since can be considered constant in a range in which the Bessel function varies considerably. Therefore the approximation is expected to fail where this argument is large, i.e., at the points where sin͓( ϩ )/2͔ ϭ 0 or n 0 (l) ϭ (2l Ϫ 1)/2␦, where l is an integer. In the regions that are far from n 0 (l) the eigenfunctions fall off locally as Bessel functions, resulting in the rapid falloff of intensity in Figs. 5 and 6 . Below we analyze individual eigenfunctions and verify in detail this form of decay. We find that the plateaus in Fig. 5 are starting from n 0 (l) ϭ 50, 150, 250... ͓n 0 (l) is the point on the plateau that is the closest to the origin], corresponding to l ϭ 1, 2, 3... for ␦ ϭ 0.01 Ϸ 1/100. There is also a plateau around n ϭ 0, where n Ӷ n 0 is not satisfied. In Fig. 6 we used ␦ ϭ Ϫ3 ϫ (5/501) Ϸ Ϫ 0.03, and the plateaus start from n 0 (l) ϭ 17, 50, 83..., corresponding to l ϭ 1, 2, 3... . The width of the plateaus, ⌬n 0 , can be estimated, from the requirement for the linear approximation, to hold for some distances (somewhat larger than ⌬n 0 ) from n 0 (l) . In the vicinity of n 0 (l) the argument of the Bessel functions (5) is approximately ϭ 10 and variable ␦.
where d n ϭ ͉n 0 (l) Ϫ n 0 ͉, as can be seen from the definition of . For a site n to be only weakly coupled to the region around n 0 (l) , where the linearized approximation fails, it is necessary that ͉n 0 (l) Ϫ n͉ be larger than the argument of the Bessel function there. Therefore such a site should be outside a region of width ⌬n 0 around n 0 (l) , which satisfies
where a is some numerical constant, of order unity, that cannot be found from this crude estimate. This relation was tested for various values of the parameters, and the results are presented in Fig. 7 Fig. 8 . The local eigenstates of the model depend on and on the parameter , which depends on the position n 0 . The eigenstates (5) depend on through s ϭ 2 sin͓( ϩ )/2͔, which for most n 0 values is weakly dependent on . In the vicinity of n 0 (l) , ͉s͉ Ͻ 1, while far from these points ͉s͉ Ϸ 1. We do not know how to determine analytically the values of and for states that dominate a specific eigenstate of Eq. (1). In the numerical simulations values of and were chosen to demonstrate the validity of the local approximation for some values of and , which was found to work very well. [A similar approximation was found for many eigenstates of Eq. (1) .] An analytical method to determine these values has yet to be developed.
The kicked rotor model near antiresonance is simply related to the two-sided kicked rotor model near resonance. The evolution operator of the two-sided kicked rotor is
The free-motion part of Û KR near antiresonance can be written in the form
where ␥ ϭ (2M ϩ 1) ϩ ␥ 2 and M is an integer. Using
and exp(Ϫi2n ) ϭ I, one finds that
which acts like Û TS .
DISCUSSION AND SUMMARY
A comparison of the theoretical and the experimental results is shown in both Figs. 9 and 10. Figure 9 gives the spatial spectrum intensities after eight and nine gratings, and Fig. 10 gives the spatial frequency widths . We showed, in Fig. 3 , the experimental data for the disordered-gratings case, in which the localization was destroyed and a flat spread spectrum was obtained, as compared with the ordered-gratings case that exhibits confinement. The comparison between the spatial frequency width found in the experiment after each of the nine kicks and the theoretical predictions given in Fig. 10 shows a good agreement, even in the oscillating behavior, which is characteristic of the vicinity of antiresonances. The experimental confinement width was Ϸ 3 -4. Exactly at antiresonance, where each even grating cancels the spreading that is due to its former odd grating, the oscillation of the width as a function of the grating number has a period of 2 (with values a , 0, a , 0, a ,0...), presenting a trivial confinement. Off antiresonance, but still in its vicinity, there is a more complex variation of , as can be seen in Figs. 10 and 4 , as well as in the graph shown in Fig. 2(d) . In the experiment we also checked the possible influence of the finite sizes of the input light and the gratings. We found no significant difference when we changed the spot size of the input beam from Ϸ4 to Ϸ1.5 cm. However, much smaller spot sizes can affect and change the diffraction and the strength of the localization effect.
Thus the Schrödinger equation (1) faithfully models the experiment. The linear approximation works well in the antiresonance regime, and the behavior there is very different from the one for a typical value of ␥. The linear approximation clearly predicts the qualitative behavior and the correct order of magnitude, but not the detailed behavior for each grating.
In conclusion, we have presented what is to our knowledge the first experimental realization of an optical kicked system with localization. In this system, freespace propagation of light is periodically kicked by thin sinusoidal phase gratings. Our present study was mainly concentrated on the near-antiresonance regimes, where new theoretical properties and experimental results were obtained.
APPENDIX A: TALBOT EFFECT, RESONANCES, AND ANTIRESONANCES IN THE OPTICAL KICKED SYSTEM
Here we present a more detailed description of the Talbot effect, relate it to resonances and antiresonances in the optical kicked system, and show the way that we used it to align the optical system. As we described above, a periodic image reproduces itself, as it propagates in free space, at distances that are multiples of the so-called Talbot length z T . 9 The reason for this can be seen very easily when the periodic function (x, z ϭ 0) ϭ (x ϩ m g , z ϭ 0) (m is an integer), with periodicity g ϭ 2/k g , is expressed as a Fourier series: 
( A 1 )
Then, as we showed above, the propagation in free space, in the paraxial regime, adds to each component in the series the quadratically n-dependent phase factor exp(Ϫi␥ n 2 ), where
When ␥ ϭ 2N (N is an integer), as occurs for z ϭ Nz T ϭ N2 g 2 /, we have
an exact reproduction of the image. At half-Talbot distances (odd multiples of z T /2), where ␥ ϭ (2N ϩ 1) , we have
or the periodic image is shifted by half a period. In our optical system the kicks with the sinusoidal phase gratings modulate the light by the periodic function exp͓i cos(k g x)͔, which is composed of, and produces, the various diffraction orders [with a weight a n ϭ i n J n (), according to the corresponding components of the Fourier series in Eq. (A1)]. Then, in the case of a spacing of z T between the adjacent gratings, the light that reaches each grating perfectly matches the grating. Then all the gratings are coherently added in phase, without any scrambling factor of the space between them. The situation here is equivalent to the case in which the free-space propagation shrinks to zero. This corresponds to a resonance state, and the diffraction orders steadily increase with the number of gratings.
By contrast, the system with grating locations at halfTalbot distances (odd multiples of z T /2) corresponds to antiresonance, where the effect of any two successive (aligned) phase gratings cancel each other. Here the propagation of the modulated field amplitude exp͓i cos(k g x)͔, from the first grating to the second grating, produces a -shifted sinusoidal image, exp͓i cos(k g x ϩ )͔, which is then multiplied and canceled by the phase modulation of the second grating, exp͓i cos(k g x)͔, giving 1. This situation continues to occur for the rest of the gratings. The effect of cancellation at antiresonance enabled us to adjust the gratings, as described above.
The resonances and antiresonances of our optical system resemble those of the ordinary quantum kicked rotor. At resonance the coherent successive grating kicks produce a steady spreading and increase of the width in the spatial frequency domain (or in the diffraction orders' numbers), and consequently the energy increases in the quantum kicked rotor case. However, exactly at antiresonance, the cancellation of two successive kicks eliminates the spreading.
APPENDIX B: SOLUTION OF THE LINEAR KICKED ROTOR PROBLEM
In this appendix we derive the eigenstates of the linear rotor, following Ref. 30 . In the linear case the free-space propagation has a linear phase dependence on n, as compared with the quadratic dependence in the regular case. This does not describe the real physical behavior of the rotor or light propagation. Nevertheless, as we showed in the text, the linear rotor locally approximates the kicked system near antiresonance.
The linear system is defined by the equation
where n ϭ Ϫi͓‫ץ(/ץ‬y)͔. Here we use the dimensionless variables, t and y, which follow the quantum kicked rotor notation or correspond to the optical kicked system, by means of
The one-step evolution operator is Û ϭ exp͑Ϫi cos y ͒exp͑ Ϫin ͒.
The quasi-energy states are
where is the quasi energy and (y, t) is 2 periodic in t and y. These are the eigenstates of Û , satisfying 
leading to ϭ mod 2, ( B 9 )
while all the other C l values vanish. Therefore
The eigenstates can be expanded in plane waves 1/ͱ2 exp(Ϫiny). Since the kicking is 2 periodic in y, only components with integer (n Ϫ ) are involved in the expansion. This expansion takes the form
